Introduction
The key ideas behind the methods of fundamental solutions (MFS) [1, 2] , of auxiliary sources (MAS) [3, 4] , of fictitious sources (MFS) [5, 6] , and the source model technique (SMT) [7, 8] were introduced in [9, 10] and concern the representation of the approximate solution of a boundary value problem as a finite superposition of fields of fictitious (auxiliary) sources located outside the problem's domain. Each of these fields is proportional to the fundamental solution of the governing partial differential equation while the fields' amplitudes are determined by the boundary conditions on the actual physical boundary. Extended reference lists concerning these methods as well as their efficient implementation in the modelling of wave phenomena arising in diverse application areas are included in [2, 4, 11, 12] . In the sequel, we will use the terminology of MAS to be compatible with and show the extensions from previous works. Still, we note that our findings can be extended to the aforementioned computational methods employing fictitious sources.
For the simplest case, that of scattering by an externally illuminated perfect electric conductor (PEC), the basic steps of MAS are as follows: (i) Assume that the PEC scatterer is absent. (ii) Determine N fictitious electric currents located on an auxiliary surface placed inside the space originally occupied by the scatterer; this is done via an N × N system of linear algebraic equations requiring cancellation of the total field (=incident field+field due to the N sources) on N collocation points located on the outer surface of the space originally occupied by the PEC scatterer. (iii) With the N auxiliary currents thus determined, find the field due to them outside the PEC; this field, which we will call "MAS field," is an approximation to the desired scattered field.
The auxiliary surface is usually smooth and closed, and we can ideally obtain the correct scattered field by completely filling this surface with currents, i.e., in the limit N → ∞. Furthermore, as N grows it is advantageous-for purposes of stability-to obtain the correct field with only small changes in the "normalized MAS currents" obtained by dividing each current by the arc-length distance to its adjacent current. In other words, it is desirable that the normalized discrete MAS currents converge, as N → ∞, to a well-defined, continuous, and smooth surface current density.
Exterior fields due to such surface current densities are analytic functions of the space variables; it is thus readily understood that the above-described convergence of the normalized MAS currents cannot occur if the analytic continuation of the scattered field to points interior to the PEC surface presents a singularity that is exterior to the auxiliary surface. As discussed in [13] - [15] , there are two possible sources for such singularities, the incident field and the shape of the PEC surface. Surprisingly, it is possible for the MAS field to converge to the correct scattered field even in the case (described above) where the MAS currents diverge. This phenomenon was first (to the best of our knowledge) demonstrated in [16] , and then further discussed in [17] : For the problem of scattering by a 2-D circular PEC cylinder illuminated by an infinitely long line source, these two references show that the phenomenon occurs when the radius of the auxiliary surface (which is also a circular cylinder) is smaller than a certain critical radius. Due to the simplicity of the problem, this radius can be explicitly calculated and turns out to be the same with the radius of the image in magnetostatics [16] . The coincidence of the singularity in the present (Helmholtz) case and that of the image in the Laplace case is to be expected from the general results of [13] (see also [18] ). Since the singularity position is known in advance, we know a priori whether divergence will occur or not (something generally not known in more complicated scattering problems).
When N is large enough in the aforementioned circular problem, the most telling numerical sign of the divergence of the MAS currents is the appearance of unphysical oscillations [16, 17] . Therefore, the phenomenon under discussion is peculiar in the sense that one obtains the correct final result (namely, the scattered field) from an unnatural, rapidly oscillating intermediate result (namely, the MAS currents). For the simple scattering problem, the convergence of the field is shown in [16] analytically. Such an analytical demonstration is important because it is well-known (see, e.g., [4] , [19] and [20] ) that MAS is plagued by numerical difficulties, which can greatly corrupt computer-generated MAS fields and mask their true behavior. A further analytical result is a large-N asymptotic formula for the oscillating and divergent MAS currents [17] , which well agrees with numerical results in cases where these are not corrupted by roundoff and matrix ill-conditioning. This formula shows that the oscillations are exponentially large in the parameter N , clearly reveals the oscillations' origin, and distinguishes them from similar-but unconnected-oscillations that can occur because of matrix ill-conditioning; see, for example, the numerical results in [21] . While the phenomenon can be related to antenna superdirectivity [22] (see also [23] ), it is (as we will stress in the present paper) unrelated to the much-studied effect of internal (cavity) resonances. It is also noteworthy that no similar phenomenon occurs when the same simple scattering problem is solved via a discretization of the Extended Integral Equation (EIE) [21] . This is logical because, as remarked in [24] , the analytic continuation of the total exterior field does not vanish in the interior (otherwise it would vanish everywhere) [21] .
The above-described phenomenon is a difficulty within the MAS. Since it occurs in a simple scattering problem (like the circular problem in [16] and [17] ), it must also occur in more complicated problems. This is indeed the case: see [25] for an interior illuminating line source (certain aspects are also discussed in [15] ), and [26] for a dielectric scatterer. Purely numerical results suggest that a similar phenomenon (i.e., convergence of the MAS field generated by divergent and oscillatory MAS currents) also occurs in the case of a 2-D elliptical PEC scatterer [17] . Results concerning a certain combined MAS-EIE method are contained in [27] ; this reference and [25] also contain detailed discussions on the practical consequences of the phenomenon and its relation to instability.
The purpose of this paper is to extend the results of [16] and [17] in two directions, one (Section II) having to do with the geometry and the other (Section III) with frequency. In all circular problems discussed previously, and in the elliptical problem as well, the N MAS source points exhibit the same sort of symmetries as do the N collocation points: For example, each of the two sets of points is symmetric with respect to both the x-and y-axes (in the elliptical case, these axes respectively coincide with the ellipse's major and minor axes). The primary purposes of Section II are: (i) to show that these symmetry aspects are irrelevant to the occurrence of oscillations; (ii) to show, more importantly, that they are also irrelevant to the concurrent convergence of the MAS field to the true field; and (iii) to point out a number of features particular to asymmetric cases. This is done by applying the MAS to a circular scattering problem with sources and collocation points that are offset from the symmetry axes: we analytically show that the MAS field converges to the true field, and we extend the aforementioned large-N asymptotic formula of [17] . Our approach includes a detailed study of effects due to changes i n the parameters and avoids confusion with similar effects due to roundoff. Section II additionally points out certain differences with the wellknown phenomenon of internal resonances and sheds further light on the relevance of the analytic continuation of the scattered field to points interior to the scatterer; issues related to this analytic continuation have caused controversy, see [25, 28, 29] , as well as additional relevant references in [25] .
Various engineering applications, including e.g. crack singularities [30] and inductance calculations [31, 32] , often involve two-dimensional potential, magnetostatic or quasi-static problems solved numerically using Laplace's equation. The purpose of Section III is to extend the results of Section II to the corresponding Laplace problem (we specifically use the language of magnetostatics). The asymptotic formula of Section II, and the one in [17] as well, is independent of the wavenumber k-only ratios of the various distances appear. This leads one to suspect that the asymptotic formula continues to hold in the magnetostatic case of zero frequency. But because the Green's functions in the Laplace and Helmholtz cases are different, the existing derivation (of Section II) does not easily bring this out. The conclusion of Section III is concisely arrived at with the aid of a suitable limiting process and has no counterpart to results in [16] and [17] . It can be stated very simply: the asymptotic formula for the oscillating currents holds unaltered in the static case, while the magnetostatic vector potential continues to converge to the correct potential function. Let us note that, when applied to problems governed by Laplace's equation, the terminology method of fundamental solutions (MFS) [33] usually dominates.
As already mentioned, we assume that the number N of MAS sources is the same as the number of collocation points. This is done for simplicity, as the numerical results of [27] suggest that having more collocation than source points lead to similar divergence and oscillations phenomena. In other words, an overdetermined system of equations does not overcome the difficulties, which are inherent to the MAS.
Offset Sources and Collocation Points
We assume an exp(−iωt) time dependence, where ω = kc = k (ε 0 µ 0 ) −1/2 is the angular frequency. The circular problem is shown in Fig. 1 . An infinite PEC cylindrical scatterer with circular cross section of radius ρ cyl is externally illuminated by an infinitely long current filament I located at (ρ, φ) = (ρ f il , 0), where ρ f il > ρ cyl . The polar coordinates of an observation point are denoted by (ρ obs , φ obs ).
MAS Currents: Exact Formulas
For ρ aux < ρ cyl , let the N auxiliary (MAS) currents I l have coordinates (ρ aux , φ A + 2πl/N ), l = 0, 1, . . . , N − 1, and let (ρ cyl , φ C + 2πp/N ), p = 0, 1, . . . , N − 1 be the coordinates of the N equispaced collocation points on the PEC scatterer, as shown in Fig. 1 . Without loss of generality, we assume that the two offset angles φ A and φ C satisfy We apply the MAS by writing the total field E z,N (ρ obs , φ obs ) as the sum of the incident field plus the MAS field (due to the N auxiliary sources),
where R f il,obs is the distance from the primary source I to the observation point,
and R l,obs is the distance between MAS current #l and the observation point,
The N × N system for I l is found by enforcing the boundary condition E z,N (ρ cyl , φ C + 2πp/N ) = 0. By (2)-(4), this system is
where
and
Since B l = B l+N , the system in (5) is circulant (but, as opposed to the system in [16] , in general it is not symmetric). Therefore, the system can be solved explicitly using Discrete Fourier transforms (DFTs). In Appendix A, we use DFTs and the addition theorem for the Hankel function [16] , [34] in the form
to show that, for l = 0, 1, . . . , N − 1, the solution can be written as
where the periodic sequence I (m) , which is the DFT of I 0 , I 1 , . . . , I N −1 , is given by
with
Eqs. (9)- (11) (which generalize a corresponding set of equations in [16] to the case where φ A and φ C are nonzero) give, in closed form, the exact solution I l for the MAS currents. As further discussed in Appendix A, the inverse relation to (9) is
Asymptotic Formula for DFT of MAS Currents
From the large-order asymptotic approximations to the Bessel functions [35] we deduce that, as n → ±∞,
By (13), it follows that the series in (11) converges rapidly. Thus, (9)- (11) can be useful for numerical evaluation of the MAS currents I l . A different way of finding the I l is to use (A1) and (A2) (of Appendix A) in place of (10) and (11) . A third way is to solve the N ×N system (5) using standard routines. Having several independent calculation methods is possible because of the problem's simplicity, and useful (for the purpose of studying convergence, divergence, and oscillations within the MAS) because of the numerical difficulties discussed in our Introduction.
As also discussed there, the normalized MAS currents N I l / (2πρ aux ) cannot converge to a smooth and continuous surface current density when ρ aux is smaller than the radius ρ cri of the image in magnetostatics, i.e., when
In other words, the normalized MAS currents must diverge when (14) is satisfied. 1 In what follows, we investigate how this divergence manifests itself by deriving an asymptotic formula for I l for the case N → ∞. Our investigations are limited to the case N =odd, and are subject to additional constraints that will soon be discussed.
As a consequence of (13), when N is large the q = 0 term in (11) is much larger than all other terms. Retaining the dominant term gives the asymptotic approximation
Note that the approximation in (15) is φ-independent. Substitution of (15) into (10) gives
Observe that the expression in the right-hand side (RHS) of (16) is the limit, as N → ∞, of N I (m) (m =fixed). Eq. (16) holds when N is large. When |m| is also large, we can take the further step of replacing the Bessel functions in (16) by their asymptotic approximations in (13) to obtain
where the equality in (14) was used to introduce the parameter ρ cri .
1 As noted in Section IV.B of [16] , the normalized MAS currents must also diverge when J n (kρ aux ) = 0 for some n ∈ Z, i.e., when the auxiliary surface exhibits internal resonances. Clearly, the phenomenon of internal resonances (which occurs at discrete values of ρ aux or equivalently, at discrete frequencies), is different from the phenomena discussed in the present paper (which occur for all ρ aux satisfying (14)). In terms of the series for the "continuous auxiliary source" in Eq. (16) of [16] , internal resonances occur when a single term in the series becomes infinite. By contrast, the present phenomenon occurs when the series for the continuous auxiliary source diverges because of the rapid growth of its terms (for large values of the summation index).
MAS Currents: Asymptotic Formula and Oscillations
It is seen from (17) that the values I (m) increase as |m| increases. Thus, as N → ∞, the main contribution to the top sum in (9) comes from large values of |m|. Following what essentially is Laplace's method for sums [36] , we neglect the small-|m| terms and approximate (9) by
In (18), the particular value of the threshold n will soon be verified to be unimportant. In (18) , only I (m) with large values of |m| appear. We can thus replace both occurrences of I (m) by their approximation given in (17) . The two resulting sums can be combined to obtain
is the polar angle of MAS current #l. By (1), this angle satisfies the inequalities
A closed-form evaluation of the sum in (19) results in
(A simple way to establish (23) is verify that the RHS of (23) equals the RHS of (19) using induction on N .) As N → ∞, the first and third terms in the numerator of (23) are larger than the other terms, so that
a formula that, as anticipated, does not depend on the threshold n (that we introduced in (18)). Rearranging gives
Use of (21) allows us to rewrite (25) as (27) For reasons to become apparent, two cases are of interest: l small or l close to N − 1. In both cases, it follows from (1) and (21) that tan
is small so that the quantity in brackets in (27) can be asymptotically approximated by 1 and thought of as a correction factor. Therefore, the simplified asymptotic formula
is also valid. We will use (28) for the purpose of qualitative understanding, but we will give numerical results from the more accurate (27) . The function g (t, φ l ), which is given in (26) , is plotted versus φ l for several values of t (with t > 1) in Fig. 2 . g (t, φ l ) is seen to assume its extreme values 1 and −1 when φ l = 0 and φ l = 2π, respectively. When φ l moves away from 0 and 2π, |g (t, φ l )| decreases quadratically from its extreme value 1. • < φ l < 390
• and for t = 1.2 (solid line), t = 2.4 (dashed line), and t = 4.8 (dot-dashed line). Note that our asymptotics concern values of φ l near φ l = 0
• and φ l = 360
• .
Apart from the requirement that N is large, all additional constraints required for the validity of (27) and (28) can now be discerned: For (13) to hold, the three parameters kρ aux , kρ cyl , and kρ f il cannot be too large. Obtaining (18) from (9), (24) from (23), and (28) from (27) are steps whose accuracy improves when the finally obtained approximations are large; by (27) and Fig. 2 , this amounts (i) to t not being close to 1, (ii) to |φ A | not being close to its extreme value π/N , and (iii) to the limitations on l that we imposed previously, namely that: l is small or close to N − 1.
The main predictions of our asymptotic formulas -in which the distances ρ cyl , ρ f il , and ρ aux do not appear independently, but solely through the ratio t-are easily understood from (28) and Fig. 2: (i) The quantity I l /I is predicted-by both (27) and (28)-to be real. This simply means that the imaginary part of this quantity is asymptotically smaller than its real part.
(ii) The I l oscillate rapidly because of the factor (−1) l+1 ; adjacent MAS currents have opposite signs. shows that the oscillating values are exponentially large in N , with the increase more pronounced for larger values of t.
(iv) Since φ C does not appear in (28) -nor, for that matter, in (27)-the oscillating values are roughly independent of the offset angle φ C .
(v) The slowly varying factor g (t, φ l ) is the envelope of the oscillating values. At least when l is small and when l is close to N − 1, the values |I l | decrease according to
. .. In other words, the values taper with increasing distance from the illuminating line source (which is located at (ρ, φ) = (ρ f il , 0)).
(vi) The tapering described in (v) and visualized through Fig. 2 diminishes as t = ρ cri /ρ aux grows. This implies, in particular, that the oscillations spread around the auxiliary circular surface as the surface becomes smaller.
(vii) An increase in the offset angle |φ A | (for |φ A | as prescribed in (1)) causes a decrease in the maximum value |I 0 |.
We stress that the above predictions come from an asymptotic formula and, as such, are subject to the usual limitations: Although (i)-(vii) must be valid for sufficiently large N , their details may not be true for all large N , especially when the remaining parameters do not satisfy the aforesaid constraints. For example, in particular cases it may be true that a certain increase in |φ A | causes a decrease in |I 0 | (the difference between (27) and (28) might suffice to explain such a decrease). Our asymptotic formulas, on the other hand, have the advantage of being virtually free of roundoff error, to which purely numerical approaches to our problem are particularly prone. For the parameters in Fig. 3 , the L 1 -condition number of the matrix in (5) is 1.3 × 10 9 . The solid lines in Fig. 3 are the real (top) and imaginary (bottom) parts of I l /I obtained by solving (5) using a standard routine. Because of the large condition number, we did careful checks to ensure that the solid lines are correct (in the sense of being free of roundoff errors, errors in the calculations of the Bessel functions, and so on); for example, we produced identical (in the scale of the figure) results using (9) together with (A1) and (A2) (of Appendix A). In Fig. 3 , it is seen that Re {I l /I} are oscillatory and large. By contrast Im {I l /I} are nonoscillatory and not large, a fact consistent with (i). At least for l close to 0 or N − 1, the values Re {I l /I} are quite close to the values predicted by the asymptotic formula (27) ; the latter values appear as dots in the top part of Fig. 3. Fig. 3 well illustrates many of our asymptotic predictions (i)-(vii). We stress, however, that moderately higher values of N , slightly smaller values of ρ aux , etc., give yet larger condition numbers and unreliable numerical results that cannot be alleviated by (9) as its use is prone to cancellation errors. Our formulas can thus describe the oscillatory behavior even when this is corrupted by extraneous effects such as finite computer wordlength. It is important that such effects may also be responsible for oscillatory behavior [21] that can be easily confused with the behavior described herein. Fig. 3 and (27) predict |I 1 /I| < |I N −1 /I| but (28) predicts the opposite; this example illustrates that (27) and (28) may be slightly different when N is not sufficiently large.
We close this section by briefly discussing the case where N =even. For m = N/2, (16) holds unaltered; in other words N I (m) can still be approximated by its large-N limit. When m = N/2, however, the q = −1 term in (11) is equal in magnitude to the q = 0 term, so that two terms (q = 0 and q = −1) must be retained in (15) and (16) instead of just one (q = 0). This leads to an I (N/2) that is more complicated than in (16) and that depends on the parameter φ C . Note that the exceptional case m = N/2 is the most sensitive one, as it corresponds to currents that are equal in magnitude and alternate in sign. The procedure we followed for N =odd still carries through, but the resulting asymptotic formula for I l depends on the parameter φ C and is less informative than is (27) . It is not given here for brevity.
Convergence of Exterior MAS Field
Let ρ obs > ρ cyl > ρ aux and let E scatt z,N (ρ obs , φ obs ) stand for the MAS field, i.e., the second term in the RHS of (2) . In this section we demonstrate that the large-N limit of this MAS field is the true scattered field regardless of the position of the auxiliary surface. Our discussions here hold both for even and for odd N .
In the second term in the RHS of (2), substitute the Hankel function using (4) and the addition theorem (8) , interchange the order of summation, and evaluate the inner sum in terms of I (m) using (12) . The result is
which is an exact expression for the MAS field in terms of the DFTs I (m) . Let us stress that E scatt z,N (ρ obs , ϕ obs ) depends on the four MAS parameters N , ρ aux , φ A , and φ C implicitly through I (m) (the first three parameters also appear in (29) explicitly). As we have already noted, the large-N limit of the quantity N I (m) exists and is given by the top expression in the RHS of (16) . Upon replacing N I (m) by that expression, the RHS of (29) reduces to the series
m (kρ obs ) e imφ obs (30) in which the MAS parameters N , ρ aux , φ A , and φ C no longer appear. It is shown in [16] (i) that the series in (30) is convergent (this is a simple consequence of the large-order asymptotic approximations to the Bessel functions [35] ); and (ii) that the series coincides with the well-known expression for the scattered field. It follows that the large-N limit of E scatt z,N (ρ obs , φ obs ) exists and equals the scattered field, which is what we wanted to show. Convergence occurs both when ρ aux > ρ cri and when ρ aux < ρ cri . It is the second case that stands out: when ρ aux < ρ cri , we obtain a convergent and correct MAS field from MAS currents that, as discussed in Section 2.3, are divergent and oscillatory (such as those in Fig. 3) . 2 We have extensively checked this peculiar convergence numerically. Results are virtually identical with those in Figs. 7 and 8 of [16] and are not given here for brevity.
We further experimented numerically with random placement of the MAS currents and collocation points, and still found that oscillating currents gave correct fields.
Convergence/Divergence of Analytic Continuation of MAS Field to Points Inside the Cylinder
The case ρ aux < ρ obs < ρ cyl relates to analytic continuation and is also worth discussing. Eq. (29) continues to hold but the situation with (30) is different: It is shown in [16] (see also the relevant references therein) that the series in (30): (i) converges in the region ρ cri < ρ obs < ρ cyl , and is equal to the analytic continuation of the scattered field; (ii) diverges for ρ aux < ρ obs < ρ cri ; and (iii) exhibits a singularity at the boundary of the aforementioned two regions, and specifically at the point (ρ obs , φ obs ) = (ρ cri , 0); this point is the position of the image in magnetostatics. Therefore, lim N →∞ E scatt z,N (ρ obs , φ obs ) exists not only for ρ obs > ρ cyl , but for all ρ obs in the extended region ρ obs > ρ cri , and equals the scattered field or its analytic continuation. When ρ aux > ρ cri , this simply means that the MAS field converges to the expected value at all points exterior to its generating sources (i.e., at all points exterior to the MAS currents; this conclusion was to be anticipated because the sources are smooth and nonoscillatory). In the more interesting case ρ aux < ρ cri , we have reached the conclusion that the limit does not exist in an annular region (ρ aux < ρ obs < ρ cri ) adjacent to the MAS currents, but does exist right after this region (ρ obs > ρ cri ), while exhibiting a singularity at a point on the two regions' boundary (ρ obs = ρ cri ). Fields behave smoothly away from their sources, so the abrupt behavior across the critical surface ρ obs = ρ cri may seem peculiar. As explained in [16] , however, this "field" is not a true field produced by a current distribution; it is merely a mathematical limit, as N → ∞, of the field of N discrete currents. There is no reason for this "field" to obey Maxwell's equations, so there is no contradiction with our remark (see Introduction) that fields due to continuous and smooth current densities are analytic functions of the space variables. In contrast to the aforementioned limit, the field given by (29) -where N , however large, is finite-is a true field satisfying Maxwell's equations and cannot behave abruptly.
Magnetostatics; Laplace's Equation
We now extend the results of Section 2 to a simple 2-D magnetostatic problem. An infinitely long z-directed, z-independent, and temporally constant current I (for simplicity, we use the same symbol I that we used in Section 2 for the time-harmonic case) is located at (ρ, φ) = (ρ f il , 0). I externally illuminates a perfectly conducting circular cylinder of radius ρ cyl (ρ cyl < ρ f il ) that is centered at the origin. The cylinder acts as a current return path, so that its total current is −I. In the region ρ obs > ρ cyl and (ρ obs , φ obs ) = (ρ f il , 0), the total z-directed magnetostatic vector potential A z (ρ obs , φ obs ) satisfies Laplace's equation. Appropriate boundary conditions are: (i) A z is constant on the perfectly conducting surface, A z (ρ cyl , φ cyl ) = C (C does not depend on φ cyl ) and (ii) A z vanishes at ρ obs = ∞.
Condition (ii) is consistent with the fact that the current on the cylinder is −I. More generally, we can demand that, at ρ obs = ∞, A z is equal to a φ obs -independent constant (C ∞ , say). The value of C ∞ is irrelevant to the physically meaningful quantity that we finally desire, which is the magnetostatic flux density B = ∇ × A; we can thus choose C ∞ = 0 for simplicity and with no loss of generality. Stated otherwise, the reference point for A z is infinity. Because we have predetermined our reference point, the aforementioned constant C (i.e., the value of A z when ρ obs = ρ cyl ) cannot be arbitrary; it is, rather, determinable from our boundary-value problem.
Our problem can be rephrased in terms of the scattered vector potential: For ρ obs > ρ cyl , this satisfies Laplace's equation together with (i) a Dirichlet boundary condition when ρ obs = ρ cyl , and (ii) a prescribed logarithmic singularity when ρ obs = ∞.
Application of the MAS
As evidenced by the recent detailed work [30] , application of the MAS to such magnetostatic problems is not completely straightforward. The underlying reason-which is particular to Laplace's equation and was not encountered in the time-harmonic case of Section 2-is that the total vector potential A z vanishes at ρ obs = ∞. By contrast, both the incident vector potential (due to the line current I) as well as each individual MAS vector potential (due to a MAS current) are logarithmically infinite at ρ obs = ∞. Hence, each such potential must have a finite reference point. With this in mind, we specifically apply MAS similarly to one of the methods discussed in [30] (see also [37] ; our fundamental solutions are called "traditional" in [30] ).
We follow steps parallel to those in Section 2.1 and 
cf. [30] . More precisely, (32) guarantees that, for finite N , the A z,N (ρ obs , φ obs ) given in (31) is O (ρ f il /ρ obs ) as ρ obs /ρ f il → ∞ with ρ f il /ρ aux =fixed, uniformly in φ obs . As expected, (32) guarantees that (31) is-for any ρ obs and for all choices of
). Now enforcing the boundary condition A z,N (ρ cyl , φ C + 2πp/N ) = C gives the N equations
in which I C = −2πC/µ 0 is a yet unknown quantity (constant) with the dimensions of ampere and where the distances b l and d p are defined in (6) and (7) (via the arguments of the Hankel functions). Together, Eqs. (32) and (33) are a (N + 1) × (N + 1) system of equations with unknowns I 0 , I 1 , . . . , I N −1 , and I C . Consistent with the statement of our boundary-value problem, I C (or C) is a computable constant.
Limiting Forms of Equations in Section 2
It is possible to proceed in parallel to Section 2 (independently of the results already established there) but, for brevity and clarity, we will take shortcuts. Let r denote any distance such as ρ obs , ρ aux , ρ cyl , d ref , R f il,obs , etc., and consider the quantity H 
using the well-known small-argument limiting form of the Hankel function [35] . We obtain
Eq. (35) shows that we can obtain the magnetostatic equation (31) from its time-harmonic counterpart (2) by (i) determining the limiting form of (2) subject to the condition in (34) , and (ii) replacing the time-harmonic electric field E z / (iω) by the magnetostatic vector potential A z . The application of (i) (together with (ii) whenever electric fields are involved) will be referred to as "taking the s-limit." For clarity, we use the symbol ≈ to distinguish from the other asymptotic relations in this paper. Taking the s-limits of equations in Section 2 is facilitated by (35) and by similar prescriptions obtainable from the familiar small-argument limiting forms of Bessel functions of integer order [34, 35] ,
A special case of (37) is J 0 (kr) ≈ 1. The Bessel functions in the formulas of Section 2 occur in products yielding the following s-limits:
Eqs. (38) and (39) are immediate consequences of (35)- (37) . Note that the s-limits in (38) and ( 
in which n =0 ()stands for (40) is a known identity [37, 38] that can be derived directly (without using s-limits) by means of the Maclaurin series for ln (1 − z).
For ρ obs > ρ cyl > ρ aux , the s-limit of (29) can be found by (38) . It is
In (41), I (m) are the DFTs of the magnetostatic MAS currents I l (recall that these latter quantities are defined in (32) and (33)). Eq. (41)-which is an exact, N -dependent expression for the MAS scattered vector potential, i.e., for the second term in (31)-can also be shown directly (without using s-limits) by transforming the second term of (31) via (4), (12) , and the identity (40).
It follows from (35) that the s-limit of (5)- (7) is the N × N system
Clearly, this system is different from the (N + 1) × (N + 1) system (32) and (33) that defines the I l . Consequently, the unknowns in (42) are not the magnetostatic currents I l -hence the new symbol I l . As in Section 2.1, the solution of (42) is explicitly given by equations similar to (9) and (10):
where I (m) , which are the DFTs of I l , are
with f (m) (ρ 1 , ρ 2 , φ) found as the s-limit of (11) . It is seen from (43) that |m| ≤ N/2, so that |qN + m| can vanish only when q = m = 0. With this in mind, the aforementioned s-limit of (11) follows from (38) , separately for m = 0 and m = 0. It is
We will now find a relation between I l and I l and use it to explicitly determine I l .
Exact and Asymptotic Expressions for Magnetostatic Currents
The desired relation is found in Appendix B. It is shown that I l and I l have the same DFTs with the single exception of the case m = 0; in that case, the DFT of I l is given by
Therefore, to find I l , it is only necessary to change I (0) in the expressions (43)-(46) that give I l . In other words, I l can explicitly determined from (9) and (10), with f (m) (m = 0) given by (45), and I (0) given by (47). (The equations of Appendix B can further be used to determine the constant I C , but we will not dwell on this.)
We now proceed with the large-N asymptotic evaluation of I (m) . As N → ∞, the q = 0 term in (45) is dominant, so that
Substitution of (48) into (10) yields the following large-N asymptotic approximation for I (m)
where we used the equality in (14) to introduce the parameter ρ cri . We can now use (38) to observe that (49) can be obtained as the s-limit of (16); nonetheless, we gave a derivation of (49) that did not rely on (16) because there is no beforehand guarantee that the s-limit of an asymptotic relation remains a valid asymptotic relation (that it does in the present case is intimately connected to the fact that the small-argument approximations to Bessel functions are concurrently large-order approximations [34] ). Eq. (49) is an asymptotic relation that is stronger than (17) because the latter equation requires |m| to be large (whereas (49) holds for all nonzero m). All results in Section 2.3 stem from (17) and the fact that, as N → ∞, the main contribution to the top sum in (9) comes from large values of |m|. Therefore, the k-independent asymptotic formulas (27) and (28) (33) (which now constitute a real rather than a complex linear system) to the I l /I found from the asymptotic formula (27) gives a figure very similar to the top part of Fig. 3 (there is no imaginary part of I l /I in this case, hence no bottom figure) . However, the values of the magnetostatic and time-harmonic cases are very close to one another-and close to those obtained from the asymptotic formula-only at the scale of Fig. 3 . The small (nonoscillating) values turned out to differ; but it is clear from the discussions in Section 2.3-which require the values to be large for the asymptotics to be valid-that there is no reason to expect a closeness.
Convergence/Divergence of MAS Vector Potential
For ρ obs > ρ cyl > ρ aux , we now use (41) to examine the convergence of the MAS vector potential A scatt z,N (ρ obs , φ obs ) in the limit N → ∞. To do this, we replace I (m) (m = 0) by its large-N asymptotic expression in (49). Using, also, the exact expression (47) for I (0) , we find that the RHS of (41) reduces to the quantity
which is independent of all the MAS parameters (namely, N , ρ aux , φ A , and φ C ). Here, the situation is simpler than the one encountered in Section 2.4 because the identity (40) simplifies (50) to a closed-form expression:
where R cri,obs = ρ 2 obs + ρ 2 cri − 2ρ obs ρ cri cos φ obs . The RHS of (51) is the vector potential at (ρ obs , φ obs ) due to an image located at (ρ, φ) = (ρ cri , 0) and carrying a current −I. Consequently, this limit equals-even in the oscillatory-current case ρ aux < ρ cri -the well-known expression for the true scattered vector potential. Just as expected, when added to the incident field (i.e., the first term in (31)), the result in (51) becomes independent of d ref and vanishes at ρ obs = ∞.
In the case ρ aux < ρ obs < ρ cyl , all discussions of Section 2.5 hold unaltered if one replaces lim N →∞ E scatt z,N (ρ obs , φ obs ) with lim N →∞ A scatt z,N (ρ obs , φ obs ), now given by the simpler formula (50). Since (50) reduces to the yet simpler (51), it is more readily apparent (than in Section 2.5) that the relevant series (i.e., the series in (50)) converges in the region ρ cri < ρ obs < ρ cyl , diverges in the region ρ aux < ρ obs < ρ cri , and exhibits a singularity on the boundary ρ obs = ρ cri between these two regions, the singular point being (ρ obs , φ obs ) = (ρ cri , 0). When ρ aux < ρ cri , the existence of (51) for the convergent case now explicates the abrupt behavior of lim N →∞ A scatt z,N (ρ obs , φ obs ) across the singular surface ρ obs = ρ cri and makes it seem less peculiar.
Conclusion
We applied the method of auxiliary sources (MAS) to a circular scattering problem with sources and collocation points that are offset from the symmetry axes. For this problem we showed analytically that the MAS field (which is the finally desired result) converges to the true field, and we derived a large-N asymptotic formula for the divergent and oscillatory MAS currents (which are auxiliary quantities from which the MAS field is determined). We studied in detail effects due to changes in the parameters and distinguished from similar effects due to roundoff. In particular, we showed that the symmetries assumed in previous papers are irrelevant to the occurrence of oscillations in the MAS currents and to the concurrent convergence of the MAS field to the true field. Then, we extended all our results to the corresponding magnetostatics problem: we showed that the asymptotic formula for the oscillating currents holds unaltered in the static case, while the magnetostatic vector potential continues to converge to the correct potential function.
In this paper, we applied the MAS as discussed in Section 3.1. Since the recent work [30] describes a number of other ways of applying MAS, in future work we will extend the methods of Section 3 to other such ways and, if possible, compare the various ways amongst themselves. Of particular interest would be analytical comparisons of the speed of convergence of the scattered field, both when the auxiliary currents oscillate and when they do not. (5) and the first row of the matrix in (5), respectively, and let I (m) be the DFT of I l as defined in (12) . The solution I l to the circulant system (5) can be found by the methods of Appendix B of [16] : I l is given by (9) where
(A2) Note that the sums in (9) differ from those in [16] ; however, the differences are index shifts justified by the periodicity of the summands.
As in [16] , we can obtain more convenient for our purposes expressions for D (m) and B (m) by the following sequence of steps: (i) Apply the addition theorem (8) to (6) and (7) (10) and (11), in which the factor π/ (2i) and the absolute values are for later convenience. We have thus shown that the solution to (5) is given by (9)- (11) , and that I l and I (m) are related through (12) .
Eq. (B4) gives I (0) as in (47), while (B1) and (B3) imply that I (m) = I (m) when m = 0, which is what we wanted to show. With I (0) determined, (B2) can subsequently be used to find the constant I C , but the resulting expression is not required for our purposes. (27) .
